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1. INTRODUCTION
In this paper we are concerned with the global existence of solutions to
the semilinear problem
u˙+Au = Fu u0 = u0(1)
where u˙ = ∂tu−A is the inﬁnitesimal generator of a C0-semigroup
Stt 0 on a Banach space V St ∈ LVE t > 0, E is a Banach
space densely and continuously embedded into V, and the nonlinear map
F 
 E → V is continuous. We assume that there is an α ∈ 0 1 such that
StLVE ct−α t > 0(2)
with a constant c > 0 independent of t.
1 This work was supported by the Slovak Grant Agency Vega, Grant 1/6179/99.
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If u0 ∈ E and T > 0 then by a solution u to (1) we understand the
so-called mild solution; i.e., u ∈ C0 T  E and
ut = Stu0 +
∫ t
0
St − sFusds 0 t < T(3)
By a global solution to (1) we understand u ∈ C0∞ E satisfying (3)
on any ﬁnite interval 0 T .
If 0∞ ⊂ ρA—the resolvent of A, A is a sectorial operator, and the
semigroup is analytic, then the estimate (2) holds for any Banach space E
with Xα = DAα densely and continuously embedded into E, where Aα
is the inverse of the operator A−α 
= 1
α
∫∞
0 t
α−1e−At dt St = e−At.
The norm, so-called α-norm xα on Xα, is deﬁned as xα 
= Aα1,
where A1 = A + aI a ∈ R is such that A1 has ReσA1 > 0. The space
Xα α is a Banach space ([9, 10]). By [10, Theorem 3.3.3] if F 
 U → X,
where U is an open subset of Xα, is locally Lipschitz mapping, then for any
u0 ∈ Xα the initial value problem (1) possesses a unique local solution.
If moreover FuK1 + uα for all u ∈ U , where K > 0 is a con-
stant, then by [10, Corollary 3.3.5] this solution exists for all t 0. If F is
not linearly bounded, then the problem of the global existence of solutions
of the problem (1) is more complicated. This problem was solved for spe-
cial classes of nonlinear problems, e.g., by H. Amann [1–3], A. Constantin
[5] and A. Constantin and S. Peszat [6], M. Mizoguchi and E. Yanagida
[18], and A. H. Martin [12]. Interesting results on the global existence and
stability of a class of nonautonomous semilinear parabolic equations are
proved in [17]. A result on the global existence and stability of a class
of nonautonomous semilinear parabolic equations is proved in [14] using a
new type of nonlinear integral inequality. This type of inequality, which may
be viewed as a nonlinear singular version of the well-known Gronwall and
Bihari inequality, is studied in [13]. Recently K. Kirane and N. Tatar [11]
improved the result obtained in [14] and they study also the same problems
for semilinear functional differential equations and for semilinear integral
equations. We remark that integral inequalities of Wendroff’s type with
weakly singular kernels for functions in two and n independent variables
are studied in [15] and a discrete version of [13, Theorem 1] suitable for
discretizations of parabolic equations is published in [16]. Sufﬁcient condi-
tions for boundedness of global solutions of semilinear parabolic equations
can be found in [7, 8].
Let us recall a theorem concerning the global existence of solutions of
semilinear parabolic evolution equations proved recently in [6] by compar-
ison methods.
Theorem 1 [6, Theorem 1]. Let AF be as above, let the semigroup
Stt 0 generated by −A satisﬁes the inequality (2), T > 0, and let β = 1−
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α 0 < α < 1. Assume that
∫ ∞
0
r1/β−1
gr1/β dr = ∞(4)
where g ∈ CR+ R+, R+ = 0∞, is nondecreasing and
gr 1+ sup
vE  r
FvV  r 0(5)
Then supt∈0T  utE <∞ for any u ∈ C0 T  E satisfying (3).
Under the condition that F is locally Lipschitz, Eq. (3) possesses a local
solution u ∈ C0 T  E for some T > 0 ([9, 10]). The same is valid also if
the semigroup Stt 0 is compact and F is continuous and maps bounded
sets into bounded sets ([21]). Thus under one of these conditions the global
existence of solutions of Eq. (3) is a consequence of Theorem 1 provided
its assumptions are satisﬁed.
The main purpose of this paper is to prove a little weaker version of
Theorem 1 for the nonautonomous case using the method of nonlinear
singular integral inequalities developed in [13]. Our proof is very simple and
it covers the case if the limit limt→∞
ωt
t
is ﬁnite as well as the case if it is
inﬁnite. The method is completely different from that presented in [6]. For
this purpose we shall prove new results on an integral inequality of Ou-Iang
and Pachpatte type ([19, 20]), which is a modiﬁcation of [13, Theorem 6].
The method presented in this paper points out the well-known truth that
the technique of integral inequalities is really a powerful tool for the study
of qualitative properties of differential and integral equations.
2. INTEGRAL INEQUALITY OF OU-IANG AND
PACHPATTE TYPE
In this section we deal with the integral inequality of the form
utr  at +
∫ t
0
t − sβ−1Fsωusds(6)
The case r = 2 is studied in [13]. The nonsingular version of this inequality
with r = 2 β = 1 is studied by B. G. Pachpatte in [20], where a result
published by Ou-Iang [19] is generalized. Applying the method developed
in [13] we shall prove the following theorem.
Theorem 2. Let at be a nonnegative, nondecreasing C1-function on the
interval 0 T  0 < T < ∞, let Ft be a nonnegative, continuous func-
tion on 0 T  0 < β < 1 r 1, and let ω
 R+ → R+ be a continuous,
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nondecreasing, positive function. Assume that ut is a continuous, nonnega-
tive function on 0 T  satisfying the inequality (6). Then
'qrutqr'qr2q−1aq +Kq
∫ t
0
e−qsFsq ds(7)
or
ut
{
'−1qr
[
'qr2q−1aq +Kq
∫ t
0
e−qsFsqds
]}1/qr
(8)
0 tT1T
where β = 11+z  z > 0 q = 1β + * = 1+ z + * p = 1+z+*z+*  * > 0,
'qrv =
∫ v
v0
dσ
ωσ1/rqq (9)
2q−1a0q v0 > 0 '−1qr is the inverse of 'qr , a = at
Kq =
2q−1epT
p1−αp
1− αp
α = 1−β = z1+z ,  is the Eulerian Gamma function, and T1 > 0 is such that
'qr2q−1aq +Kq
∫ t
0
e−qsFsqds ∈ Dom'−1qr  t ∈ 0 T1
Proof. Obviously 1
p
+ 1
q
= 1. Using the Ho¨lder inequality we obtain
from (6):
utr  at +
∫ t
0
t − s−αese−sFsωusds(10)
 at +
[∫ t
0
t − s−αpeps ds
]1/p[∫ t
0
e−qsFsqωusq ds
]1/q

Since A+ Bq 2q−1Aq + Bq holds for any A 0 B 0 and
∫ t
0
t − a−αpeps ds = ept
∫ t
0
τ−αpe−pτ dτ
ept
p1−αp
1− αp
1− αp = *1+zz+* > 0, we obtain from (10) that
utrq 2q−1aq +Kq
∫ t
0
e−qsFsqωusq ds 0 tT(11)
Let W t be the right-hand side of the inequality (11). Then ut
W t1/rq and this yields ωutqωW t1/rqq. From (11) we obtain
W
′ t
ωW t1/rqq 
Kqe
−qtFtqωutq
ωW t1/rqq +
α′t
ωαt1/rqq 
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i.e.,
d
dt
∫ W t
0
dσ
ωσ1/rqq Kqe
−qtFtq + d
dt
∫ αt
0
dσ
ωσ1/rqq 
or
d
dt
'qrW tKqe−qtFtq +
d
dt
'qrdt
where 'qr is deﬁned by (9) and αt = 2q−1atq. Integrating this inequality
from 0 to t we obtain the inequality (7).
3. GLOBAL SOLUTIONS OF NONLINEAR VOLTERRA
INTEGRAL EQUATIONS
First let us recall some results from [6] concerning the Volterra integral
equation
ut = f t +
∫ t
0
t − sβ−1ωusds t 0(12)
where 0 < β < 1 f ∈ CR+ R+, and ω ∈ CR+ R+ is nondecreasing.
By a solution to (12) on 0 b 0 < b < ∞ we understand u ∈
C0 b R satisfying (12) on the interval 0 b. By a global solution
to (12) on 0 b we understand u ∈ C0∞ R, which is a solution to
(12) on any ﬁnite interval 0 b. P. J. Bushell and W. Okrasinski [4] proved
the following theorem.
Theorem 3. Let β ∈ 0 1 and assume that ω is absolutely continuous,
nondecreasing on R+ with ω0 > 1 and limt→∞ ωtt = ∞. Then any solution
to (12) is global for every choice of f ∈ CR+ R+ if and only if
∫ ∞
0
s1/β−1
ωs1/β ds = ∞(13)
We shall study the following integral equation
φt = ht +
∫ t
0
t − sβ−1Psφsds(14)
where h ∈ CR+ Rn P ∈ CR+ × RnRn 0 < β < 1.
By a solution to (14) we understand a continuous mapping φ
 0 b →
Rn satisfying (14) for all t ∈ 0 b. If b = ∞ then we say that this solution
is global.
We shall prove a little weaker version of Theorem 1 using the assertions
of Theorem 2.
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Theorem 4. Let h ∈ CR+ Rn and P ∈ CR+ × RnRn,
Pt vFtωv t v ∈ R+ × Rn(15)
where f ∈ CR+ Rn and ω be as in Theorem 2. Assume that there exists an
* > 0 such that ∫ ∞
0
τ1/β−1+*
ωτ1/β+* dτ = ∞
Then any solution to Eq. (14) is global.
Proof. Let β = 11+z  z > 0 α = 1 − β q = 1β + * = 1 + z + * p =
1+z+*
z+*  α = 1 − β = z1+z . Assume that φ
 0 T  → Rn is the solution of
(14) with limt→T− φt = ∞. By the assertion of Theorem 2 we have
'qφtq'q
(
2q−1 max
0 tT
htq
)
+Kq
∫ t
0
e−qsFsq ds(16)
t ∈ 0 T 
where 'q = 'qr with r = 1 (see Theorem 2). The right-hand side of (16) is
ﬁnite,
lim
t→T−
'qφtq = lim
t→T−
∫ φtq
0
dσ
ωσ1/qq dσ
= q
∫ ∞
0
τq−1
ωτq dτ = q
∫ ∞
0
τ1/β−1+*
ωτ1/β+* dτ = ∞
and this is the contradiction.
4. GLOBAL SOLUTIONS OF EVOLUTION EQUATIONS
In the conclusion we deal with the evolution equation
u˙+Au = Ht u u0 = u0(17)
where A is as above, H
 R+ ×E → V is continuous, satisfying the condition
Ht vV Ftωv t v ∈ R+ × E(18)
and ω is as in Theorem 2.
We shall study mild solutions of Eq. (17), i.e., solutions of the integral
equation
ut = Stu0 +
∫ t
0
St − sHs usds 0 t <∞(19)
where −A is the inﬁnitesimal generator of the analytic semigroup
Stt 0.
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Theorem 5. Let 0 < T <∞, let 0 < β < 1, and let H
 R+ × E → V be
continuous satisfying the condition (18) with ω as in Theorem 2, F 
 R+ → R
continuous. Assume that there exists an * > 0 such that
∫ ∞
0
τ1/β−1+*
ωτ1/β+* dτ = ∞
Then supt∈0T  utE < ∞ for any u ∈ C0 T  E satisfying Eq. (19);
i.e., any solution to Eq. (19) is global.
Proof. Using Theorem 2 we obtain for utE the same inequality as
we have obtained for φt in the proof of Theorem 4. If we assume
supt∈0T  utE = ∞ this inequality leads to the contradiction.
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